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Abstract-The paper derives equations for the calculation of unsteady heat flow to wall in cases 
where the time variation of temperature on the surface of the wall can be expressed by a power or 
trigonometric series. To make use of these equations, it is first necessary to establish reliably the square 
root of the product of heat conductivity, density and specific heat of the wall material, denoted by j, 
and to measure the time variation of the surface temperature rise with sufficient accuracy. Both tasks 
can be accomplished through the use of thin-film resistance thermometers consisting of a thin 
metallic layer deposited on an electrically insulating wall. The paper presents a detailed elaboration 
of the unsteady method of ,6 measu~ment which facilitates determining this value with an error of about 
3%. A method of measuring the surface temperature rise exceeding 3 degC with an error of about 
2% is also described. The procedure discussed in the paper permits the determination of unsteady heat 

flow to wall to be made with an error of approximately 4%. 
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NOMENCLATURE 

coefficients ; 
specific heat ; 
condenser capacity; 
wall thickness ; 
expression defined by equation (40); 
electric voltage; 
potential difference; 
majorant function; 
area; 
electric current ; 
integral; 
expression defined by equation (31); 
expression defined by equation (32); 
scale ; 
number ; 
heat flow; 
heat output; 
a term of series R(jvt); 
series defined by equation (23); 
eIectric resistance; 
resistance defined by equation (51); 
resistance defined by equation (68); 
a term of series S(@); 
series defined by equation (24) ; 
time ; 

T, temperature rise; 
u, circumference ; 

x7 Y, co-ordinates; 
2, expression defined by equation (82). 

Greek symbols 
temperature coefficient of resistance; 
= l/(%1; 
temperature coefficient of thermal 
conductivity; 
relative deviation; 
relative setting of potentiometer; 
expression defined by equation (45); 
expression defined by equation (46); 
expression defined by equation (72); 
expression defined by equation (73); 
shift of origin in direction of y-axis; 
a variable ; 
limit absolute error; 
limit relative error; 
thermal conductivity; 
heat-transfer coefficient defined by 
equation (93); 
coefficient of transverse heat flow 
effect ; 
frequency; 
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a variable; half-space whose thermophysical properties are 
density; independent of temperature and the time vari- 
correction factor according to equa- ation of the surface temperature rise is known. 
tion (69); The temperature rise of the half-space is 
period; described by the relation [8]: 
expression defined by equation (56); 
coefficient defined by equation (96); 
expression defined by equation (37). 

54. 

The SI system of units [kg of mass, s, m, “C, 
A] is used for all quantities. exp 

INTRODUCTION 
As EVIDENCED by a large number of treatises 
published on the subject in recent years, the 
determination of the heat flow to wall has been 
brought into the foreground of interest in re- 
search studies concerned with unsteady heat 
transfer. This is quite understandable because 
the heat flow usually expresses directly the losses 
of thermal energy and specifies, in conjunction 
with the surface temperature and the temperature 
of the medium, the local values of the heat- 
transfer coefficient. 

Considerable attention has recently been 
accorded to the elaboration of the methods of 
measurement of rapidly variable surface 
temperatures with thin-film resistance ther- 
mometers (see, for example, [l--4]) gauges that 
consist of a thin metallic film deposited on an 
electrically insulating wall. Such thermometers 
record, almost without distortion [5] very fast 
(up to 1 degC/ps) variations of temperature of 
the surface on which they are produced. As 
pointed out by several investigators (see [l. S-71) 
this property can be utilized to advantage in the 
determination of unsteady heat flow to wall, 
particularly in connection with the shock tube 
technique. 

The object of the presentation that follows is 
to refine further the methods suggested by those 
authors and to promote their application. 

where t denotes the time from the instant of 
T(x;( -a = ‘B-, x is the co-ordinate in the direction 
of the normal to the surface, the variation of 
whose temperature rise IF( -S ; t) is known, and A, 
p and c are respectively the thermal conductivity, 
density and specific heat, of the half-space. The 
heat flow through the surface of the half-space is 
given by equation 

(2) 

Equations (I) and (2) are solved on digital 
computers, graphically [2] or by means of 
analogue networks [9]. But very frequently the 
temperature variation T(a ; t) can be approxi- 
mated by a power or trigonometric series; in 
such cases, one may apply the analytic solution 
outlined in the sections that follow. 

When the temperature variation r(-e- ; t) is 
expressed by a power series, 

T(-a; t) = 5 Aitf (j = 9, 1, 2,. . .) (3) 
j--+3. 

it follows that 

where 

DEPENDENCE OF HEAT FLOW TO WALL OF A Introducing relation (4) in equation (I) and 

HALF-SPACE ON TIME VARIATION OF SURFACE substituting 

TEMPERATURE 
The conditions of experiments in which (6) 

unsteady heat flows are studied, quite frequently 
approach those of heat conduction through a we obtain 
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The function in the integrand can be integrated 
and the respective indefinite integral obtained by 
integration by parts in the form 

rc 

s 
E-k-1 exp (-E) d4 = exp (-5) Y 

?z+ 

Since the series on the right-hand side of the 
equation is an alternating one and it holds that 

the integral in equation (7) is convergent and the 
equation takes the form of 

k=8- 

As the partial derivative of expression (8) with 
respect to x and its limit for x approaching zero 
indicate, it holds that 

If n > -B- , functionq(t) is more complicated; thus, 
for example, for n = 4 we get 

q= ;; J( ! --_ 
(A0 f 2A1t + 3 A2t2 + $9 A# + J$‘y A&). 

(12) 
When function T-e-(; t) can be expressed by a 

trigonometric series 

T(a ; t) = A0 + 2 (A, cosjvt + Bf sinjvt) 
1=1 

where 

T being the period of function T(s- ; t), it holds 
that 

T(+- ; t - 8) = A0 + 5 (Al cos jv8 
3=I 

-I- Bf sin jv$) (15) 

where 

zH$ = Ajcosjvt + Bjsinjvt 

81 = Af sin jvt - B3cosjvt > 
(16) 

It follows from equations (1) and (15) that 

t 

T(x; t) = Ao; &3/2 

-s. 

exp 
Finally it follows from equations (2), (5) and (9) t 
that -- 

q= _ J~~)~~~I~A3~~)~,~ 

1-k 

w 

+““) ‘I$e2;;1d8 ‘(I’) 

If n = B, it is a temperature jump that is involved 
on the surface of the half-space with value 

Ao = T. 

+; J(5) sij,js$$f 
1=1 

For such a case equation (10) yields the well- 
known relation 

exp(-5 y)dO.] 

H.M. - 0 
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Denoting successively by Zr, Is, Za the terms on 
the right-hand side of the equation, we obtain 
from relations (2) and (I 7) 

According to the preceding exposition Furthermore letting 

It is furthermore necessary to evaluate the 
following integrals 

The functions in the integrands of equations (20) 
can be integrated and have the following 
majorant function 

Since the integral in equation (7) is convergent, 
integrals 123, Z3f, are also convergent. We first 
evaluate integrals 

Jr?] = s COs jvljf 
,g3fz dr?: 131 = --,?,,3,,? d??. (21) 

f 

sin jvl(f 

Irrespective of the integration constant, the 
method by parts results in 

2 
zp1=- 

l/l9 

[ 

COSjV~l9 Y 
m (- !)k(jv$))2k ’ 

I 
Lb 2k2r, 4 (2/C)! I h-=-e. 

( ) 

(22) 

(k= 17-,1,2,...)] 

R(jvt) = 
m (- l)“(jvt)Z~ c _ . . - --_ (23) 

P=+. 

S(jvt) = 2jvt 
cc (- l)~(jv~)z~ 

c 
- - - ----- -- 

k-a 

(24) 

we can, in view of the convergence of integrals 
Zsj, Zsj write their solution obtained by the 
method by parts, in the form 

I2r = 
2 

- -- exp 
xs pc 

l/t ( 1 -41 fi 

[R(jvt) cos jvt + S(jvt) sinjvt] / 

s. 
2 ‘xkpc 131’ = - -... exp - - -_ 

%’ f t 1 4t x 

[R(jvt) sinjvf - S( jvt) cos jvt] 

The question now is the convergence of series 
R(jvt) and s(jvt)_ Denoting by T, s the terms of 
the respective series, we get from equations (23) 
and (24). 

k-1 I I- (jvt)? _... _ _ __-- ._..__~. 
0 (2k + $)(2k + +j 

+ (22) Sk+1 I 1 (jvt):! 

Sk = (2k + $)(2k + gj (26) 

Since the absolute value of the ratio of successive 
terms of the two alternating series decreases with 
increasing k and for k increasing beyond all 
bounds approaches zero, series R(jvt) and 
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.S(j~t) converge. Consequently, the integrals in 
equations (25) also converge. It follows from 
relations (17) and (25) that 

12=-i Ji~)exp(-~~) 1 
n 

ci Af ‘[R(jvt) cosjvt + S(j&) sinjvt] 

5=1 
I 

n 

C{ 81 [R(j~t) sin jyt - S(j~t) cos jar] 

1=I 

Carrying out in equations (27) partial derivatives 
with respect to x and limits of these derivatives 
for x approaching zero, gives 

[R(jvt) cosjvt f S(jYf) sin jyt] ’ 
I (28) 

[R(jvt) sin jvr - S(jvt) cos jvt]. J 
Introducing finally relations (16), (19), (28) 

into equation (18), we obtain the solution in the 
form of 

(29) 

Series R(‘jvt) and S@t) are best evaluated with 
the aid of relations (26). The results thus arrived 
at are summarized in Table 1 and Fig. 1. 

The solutions presented in the foregoing 

remain, of course, valid only as tong as the wall 
can be considered a half-space, i.e. as long as 

r=&;fP (30) 

where d is the thickness of the wall on which the 
time variation of surface temperature is to be 
studied. Times up to 1 s, quite satisfactory 
especially for shock tube experiments, are usually 
acceptable for the backing of the thin-film 
thermometers. 

-3 
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-5 

-6 
0 1 2 3 -4 5 ? 8 9 10 

jrt 

FIG. I. Curves of function R(jvt) and S(jvi). 

~ASUR~G THE VALUE OF y’(hpc) OF 
THE WALL 

The first prerequisite for the application of the 
equations derived in the preceding section, is 
reliable knowledge of the product of thermal 
conductivity, density and specific heat of the 
wall material, which appears in them. These 
properties can, of course, be either estimated on 
the basis of data reported in literature [4], or 
determined through the measurement of samples 
of the wall material. The first alternative might 
lead to considerable errors, the second is both 
hborious and incapable of expressing the effect 
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Table 1. Values of functions R@t) and S(jvt) 

.~_ -I-- ~~~ --:~~..__ 

jvt RO’vt) SW) )( 

0 1GO 0 0.2 0.95 0.40 
0.4 0.79 0.77 

i( 

8:; 0.54 0.21 1.09 1.34 ~1 

1.0 -0.19 I ..50 
1.2 -0.62 1.56 
1.4 - 1.07 1.51 
1.6 - 1.51 1.34 

~ 

1.8 -1.92 1.08 

2.0 - 2.26 0.70 I 2.2 - 2.52 0.25 ,, 
2.4 - 2.67 - 0.27 
2.6 -2.71 - 0.84 
2.8 - 2.62 -1.41 ~ 
3.0 - 2.40 - 1.97 
3.2 - 2.06 -2.49 
3.4 -1.60 - 2.94 
3.6 - 1.04 - 3.30 
3.8 - 0.40 -3.53 
4.0 0.29 -3.64 
4.2 1.01 -3.60 i 

4.4 1.72 -3.42 ~ 
4.6 2.40 - 3.07 
4.8 3.00 -2.58 ii 
5.0 3.51 -1.98 ! 

I/ 

of local inhomogeneities. These are the reasons 
for suggesting [2] the unsteady method of 
measurement in order to determine directly the 
value of 2/(hpc); it involves the construction on 
the wall of a thin-film resistance thermometer 
with approximately constant, electrically induced 
heat flow to the wall. The value of v’(Xpc) can 
then be determined from the time variation of 
the surface temperature rise. So long ‘as a 
resistance film can be produced on the wall, the 
method is advantageous inasmuch as it can also 
be applied in cases where the samples of the wall 
material are not available. The accuracy of the 
method has, however, been quite low so far: 
on the basis of data published in [l] and [2] one 
can estimate the limit error of 1/( hpc) as f 6-8 %. 
The accuracy of the method can be enhanced by 
detailed elaboration. 

Figure 2 gives the schematic diagram of the 
measuring equipment as reported by Henshall 
and Schultz [2]. The thin-film thermometer 
R is connected in a bridge first energized through 

jvt NM 

5.2 3.89 - 1.27 
5.4 4.12 - 0.49 
5.6 4.19 0.35 
5.8 4.10 1.18 
6.0 3.82 2.03 
6.2 3.39 2.78 
6.4 2.80 3.46 
6.6 2.07 3.99 
6.8 1.24 4.39 
7.0 0.34 4.61 
7.2 -0.61 4.65 
7.4 - 1.56 4.48 
7.6 - 2.47 4.13 
7.8 - 3.30 3.65 
8.0 -4.01 2.91 
8.2 -4.58 2.08 
8.4 - 4.98 I.18 
8.6 -5.19 0.15 
8.8 -5.18 - 0.90 
9.0 - 4.97 - I .94 
9.2 -4.55 -2.91 
9.4 - 3.93 - 3.78 
9.6 -3.14 -4.55 
9.8 -2.21 -5.12 

10.0 - 1.17 - 5.56 

A E “x 

‘I, . . - 

FIG. 2. Bridge for measuring values of 8. 
Rz=36R;R3=160n;R4=47Q; 
R~=30R;Re=43R; Ri=68CI. 

switch 1 from a low-voltage battery and indicated 
by a galvanometer. The bridge is balanced with 
potentiometer R7, connected through switch 1 
to an oscilloscope and through switch 2 to 
higher d.c. condenser voltage E. The oscilloscope 
screen displays the time variation of potential 
difference AE between the measuring nodal 
points of the bridge in time t. 
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An analysis of the electric conditions of the 
bridge will be made on the assumption of no 
current passing through the indicating instru- 
ment and negligible resistances of the ther- 
mometer leads. Writing 

Kl5 = Kll 1 
R5 

+ -~- + 
R7 

R3 
e--m 
R3 

- E;; (32) 

where l is the relative setting of potentiometer Rr, 
we obtain (Fig. 2) 

2.11 = K11ir; i15 = Kl5il (33) 
and also 

(36) 

where 

For a balanced bridge R = Ro, AE = 0, and 
equation (34) results in 

(38) 

Introducing relations (31), (32) to equation (38), 
we obtain 

R3 Rs 

R7 + 
-7 -t- t: 

i 

RG + R7 R5 + RG 
bR 

- 
R? D& - ” > 

=-%- (39) 
where 

whence follows the value of E for the given Ro. 
Since c can vary only within the interval of 
(0; l), we also obtain from equations (39) and 
(40) the limits of values of RCI which can be 
balanced by the bridge: 

R Omax= 

Over the relatively narrow temperature interval 
in which the resistance film is heated by electric 
pulse during the measurement, the film resist- 
ance may be expressed by relation 

R=Ro(l -~-UT) (42) 

where a is the temperature coefficient of resist- 
ance, RO the resistance of the film at temperature 
of the bridge balance, and T the respective 
temperature rise. 

Equations (36), (38) and (42) result in 

Ro aKnT 
AE= ER,-p (43) 

The heat output produced in the film during 
the condenser discharge, is given by equation 

Q = i;RiR. (44 

Letting 

where Szo denotes the value of JJ for R = Ro, we 
obtain 

(47) 

If the resistance of the film remained unvaried 
(R = Ro) during its heating, the corresponding 
heat output would assume the value of Q,-,. 
Since UT 4 1, the relative change of output due 
to the heating of the film follows with sufficient 
accuracy from equation (47) in the form 

SQ =: e-@ 2 (1 - 2J)aT. 
0l-l (48) 
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The effect of the change in film resistance on 
heat flow can to a considerable extent be com- 
pensated by the choice of 5. If it is required that 
SQ = +. , we obtain from equations (37), (46) and 
(48) the following condition 

Ro - R4 KII + hi (RslRs) -- -=-- 
R5 1 + Kn (&/Rz) + K15 (Re/Rz) - 

(49) 

Evidently, SQ = + can be attained at the given 
resistances of the bridge for a single value of Ro 

only. 
The heat output produced in the film, changes 

moreover because of a drop in voltage E during 
the condenser discharge. The condenser dis- 
charge is described by 

idt = - CdE. (50) 
Writing 

&f& ___ 
Rol = (Roars) + (REDRY) + Kll + (K15 ~R~lR~j 

(15) 

we get from equations (34) and (51) approxi- 
mately 

E 
i=---. 

ROI 
(52) 

For the boundary condition of E = EO and for 
t = 0, the solution of equations (50) and (52) 
I.akes the form of 

Bearing in mind that the allowable drop in 
condenser voltage is very small in the course of 
the measurement, we can express with sufficient 
accuracy the relative change of voltage as 

&V=Eo-Ew. t 
Eo = CRol’ (54) 

Essentially, heat from the resistance layer is 
transferred only by conduction to the wall and 
conduction to the ambient air. Natural convec- 
tion cannot develop during the short times 
(t c 1 ms) of measurement, and the effect of 
radiation is negligible for the usual experimental 
arrangement [lo]. Since the changes of heat out- 
put produced in the film can be made very small, 

the case under discussion can in the first approxi- 
mation be considered that of heat conduction 
by two neighbouring half-spaces with a constant 
heat flow in the interface. However, the tempera- 
ture rise can sometimes be so large that the 
dependence of thermal conductivity of the half- 
space on temperature must be taken into con- 
sideration. A solution of such a case was 
presented by Hartunian and Varvig [3]. Accord- 
ing to these authors, the relation for the interface 
can be written as 

(55) 

where q is the heat flow to the half-space, 

(56) 

and subscript -8 refers to the thermophysical 
properties of the half-space at the temperature 
prior to the condenser discharge. Hartunian and 
Varvig [3] selected a logarithmic function for the 
purpose of expressing the dependence of h(T). 
But a linear function 

h= ho(1 +yT) (57) 

satisfies the temperature intervals that come into 
consideration, just as well. 

The values of coefficient y of some of the 
relevant substances are listed in Table 2. 

Tuble 2. Values qf 1OOOy [ 1fdegC ] for temperatrcre 
of 3WK according to data~ubl~shed in references 

3 and 11 

Air 
Glass 
Quartz 
Pyrex 

Reference 3 Reference 11 

2.32 
2‘28 1.56 
2.40 
5.50 1.24 

..:.-- : 

From equations (55)-(57) we obtain 

Actually, however, the heat flow from the 
resistance film to the wall is not one-dimensional 
as assumed by equation (55), because of finite 
dimensions of the film: hence heat flows not 



only in the direction normal, but also parallel, 
to the surface. 

Exact solution of cases similar to the one just 
mentioned, is very difficult, as pointed out, for 
example, by Bailey [f2]; but the effect of trans- 
verse heat flow cannot be left out of our con- 
siderations without closer analysis. Since the 
transverse heat output is smaller in order of 
magnitude than the output flowing in the direc- 
tion of the normal, we shall be satisfied with the 
following approximate solution : Express the 
heat conducted to the wall by equation 

Qs = P@ (59) 

where F is the geometric area of the resistance 
film, q the heat flow corresponding to the one- 
dimensional case, and p the correction factor. 

Heat Qs is given by relation 
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where 0 is the circumference of the resistance 
film, and equations (59)-(64) result in 

.=1+-j;; (65) 

The total heat removed from the resistance film 
is given by relation 

Q = Qa f Qs (66) 

where QV is the heat conducted to the ambient 
air. Since at the interface, the temperature rise 
of the air is identical with that of the wall, 
QV @ Qs and the values of y are of the same 
order of magnitude for air and wall, according 
to Table 2, we may, in view of equations (58), 
(59) and (66), write with sufficient accuracy that 

Q = Qa{l + ~~~~I}. (67) 

Subscript u refers to the thermophysical pro- 
perties of air. 

Writing furthermore 

Rz 3 
Ro2 = R. --- ( 1 $9 -I.__ ___o ._ _..---- 

Ro &I [&I + &dRaiRs)12 
(68) 

Qa = QZ -t- Q, 
where, referring to Fig. 3, 

Qs = qF 

-F 
y--3 

i h / i 
f,- k7--j +xX 

i 1: j 

(60) 

(61) 

FIG. 3. Heat flows in wall. 

The heat flow in the x-direction is given approxi- 
mately [8] as 

cr=l+ 
[ 
;+(35- 1)a 

I 
T 

+ ~~~~~I+ -j-- %J[f$j (69) 

p = l/(~OPOCO) (70) 

and assuming that the condenser voltage 
changes but little (E g Eo) during the measure- 
ment, the following expression is obtained with 
sufficient accuracy from equations (43), (45)-(47), 
(58), (59), (65) and (67)-(70): 

(71) 

Letting finally 

(72) 

qx =: q erfc -.__.X____ 
w[(~olfocoPl (62) 

assume that the heat flows in the direction of 
x and y (y being the cylindrical co-ordinate) are 
equal at a given distance from the surface, i.e. 

qy z qx. (631 

Such an assumption appears reasonable because 
the dimensions of the wall through which heat is 
conducted (thin-film thermometer) are of the 
same order of magnitude in the x- and y-direction. 
Heat conducted in the y-direction can be 
expressed as 

Qa,= +wfx (64) 
” 

we can also ascertain the temperature rise T in 
time f following the beginning of the condenser 
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discharge because equations (42), (43), (72) and 
(73) give 

T,!!C il 
aE0 1 - (~iE0) 52’ 

(74) 

Time t in which the measurements are taken, is 
but a fraction of the time necessary for complete 
discharge of the condenser. The total temperature 
rise Tm of the film is therefore subs~ntially 
larger than temperature rise T during the experi- 
ment, The value of Tm must not exceed a definite 
limit in order not to damage the film. Exact 
calculation of Tm is very complex because the 
voltage and hence also the heat produced in the 
film, undergo strong changes during the con- 
denser discharge. An approximate calculation 
is carried out by considering constant production 
of heat QO in the film taking place only for such a 
time tm that the energy is the same as the actual 
one, i.e. 

In view of equation (47), we may approximately 
Put 

/c\2 

Qt = Qo (gf (74) 

it then follows from relations (53), (54), (75) 
and (76) that 

-or t 
tm~---~-* 

2 26E (77) 

Since according to equations (71) and (74) it 
approximately holds that 

(781 

we get from expressions (74), (77) and (78) that 

Tm = __._!- N !% -._-ii-_ 
2/(2&E)- Eo al/(Z?SE) (79) 

The resistances of the bridge shown in Fig. 2 
were determined so as to enable us to balance 
the basic resistance of the thin-film thermometer 
within the limits of RO = 55 to 80 R [relations 
(41)], to meet condition (49) for RO 2 67.5 R, 
and to use resistances of a standard series. The 
resultant resistances are given in Fig. 2, the 
characteristic functions of the bridge ascertained 
for these values, in Table 3. The main advantage 
lies in that the basic resistance Ro of the ther- 
mometer matters very littIe. 

As an analysis and the results of experiments 
indicate, it is convenient to choose t = 500 ps, 
AE = 50 mV, 6E = 0.0025 [IO]. The correspond- 
ing values of Es and Tm at Ra = 67.5 R, u = 1 
are shown in Table 4 for limit values of a, /3, F. 
It is evident that the necessary condenser volt- 
ages are readily attainable, and the maximum 
temperature rise of the film is quite acceptable. 

According to relation (54), the condenser 
should have for the given values a capacity 
C 2 3000 ELF which can economically be realized 
only through the use of electrolytic condensers. 
But such condensers have a relatively low 
bleeder resistance and it is, therefore, necessary 

Table 3. Characteristic functions of the bridge shown in Fig. 2 

._I___~ v-z- 

k@) Rod@ Roz(Q I1 5% 5 

- 

::*5 61.2 61.8 10 10 880 600 9.70 9.77 4.50 4+l 0.47 0.46 

60 62.2 10 410 9.66 46.5 0.48 
62.5 62.5 10 270 9.63 4.13 0.49 
65 62.8 10240 964 4.83 050 
67.5 63.0 10 220 9.65 4.92 0.51 
70 63.0 10 310 9.70 5.04 0.52 
72.5 63-l 10 450 9.77 5.16 0.53 
75 63.0 10 630 9.85 5.29 0.54 
77.5 63-O 10 840 9.94 5.42 0.55 
80 62.9 11090 low 5.56 0.56 
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Table 4. Necessary condenser voltage and maximum 
temperature rise of film 

F a.103 B 
(mm*) (l/degC) (kg/GdegC) (7) (d:;C) 

0.7 700 2 282 
1500 219 

3 700 21 110 
1500 27 83 

0.7 700 94 104 
1500 121 80 

40 -__ __- 
3 700 58 39 

1500 75 30 

to accomplish the switching of the condenser 
from the source to the bridge in a short time. 
A tilting mercury switch that effects the operation 
in 10-40 ms, with the condenser voltage falling 
less than O-1 %, has been found very useful in 
this respect. The accuracy of measurement is 
substantially enhanced because under such cir- 
cumstances the voltage of the source can be 
taken as Eo. 

The transient phenomena that arise immedi- 
ately following the switching-on of the condenser, 
in particular the charging of the lead capacities, 
are the reason why the origin for the reading of 
the potential difference AE is usually not known 
exactly. The equations of the displayed oscillo- 
scope-traces is in the form - 

AE = m.& + r]) 

t = mtx 

(80) 

(81) 
co-ordinates, 
and 7 is the 

where x, y are the oscillogram 
mt, mE are the respective SC&S, 

unknown shift of the origin. Writing 

(82) 

we obtain from equations (71), (80)-(82) 

The quantity Z, a constant for each experiment, 
is best established as follows: For a series of 
selected values of x( find the corresponding yd 

by measuring the oscilloscope trace. In the 
vicinity of the origin, choose a value of x1 at 
point where the corresponding ye can be ascer- 
tained with reliability. For the remaining pairs 
of xi, ya the desired Zt follows from equation (82) 
in the form 

.___ 
Zr = ,/mb$-‘;j,r),,,] (84) 

where the magnitudes of u and al are given by 
equations (69) and (81), respectively. Because of 
errors in measurement, the various values of Zt 
differ somewhat one from another; the most 
probable value is given by equation 

nil 

z=t zt 

c 
(85) 

i=2 

where n is the number of values of Zg. When the 
oscilloscope trace is measured with a profile 
projector, the limit relative error of Z is usually 
G, < 0.01 for it > 8 [lo]. The limit relative 
errors of the remaining quantities appearing in 
equation (83) can be estimated with reserve as 
follows : jintt = 0.02 ; ;;mE = O*Ol ; &Q, = 0.005 ; 
zi, = 0.01; G = 0.01; &oz = 0.01. The limit 
relative error of p is then obtained from relation 

FIG. 4. Thin-film resistance thermometer. 
I, sleeve; 2, glass plate; 3, platinum leads; 4, sealing 
ring; 5, h.f. cable; 6, shield; 7, nickel film; 8, ceramic 
bicapillary. 



210 

Pickup 
F 

(mm? 

VLADlMiR KMONiCEK 

Table 5. Results of check tneauwement of p 

.~ _ ~~~ .~_. 
u a~103 B* B 81 

(mm) (I/degC) (kg/G’2 degC) sg w 

No. 21 15.9 13.5 2.325 1113 1118 1191 OGO4 0.065 
No. 23 31.6 68.2 1.965 1113 1143 1167 0,026 0.046 

The same error can also be expected in the case 
where /3 is being determined from the measure- 
ments of ho, po and CO. 

Tests intended to verify our conclusions 
arrived at in the foregoing discussion, were 
carried out on glass. Samples of the glass were 
measured for thermal conductivity, density and 
specific heat using the steady-state methods. As 
the measurements indicate, the samples are at 
20°C characterized (within the limits of error 
stated above) by a value of /3* = 1113 kg/s5/2 
degC. Pickups (Fig. 4) prepared from the 
measured samples were vacuum coated with a 
resistance film of nickel. Pickups Nos. 21 and 
23 whose characteristic values, established by 
measurement, are listed in Table 5, were used 
in subsequent tests. 

A series of experiments conducted at 20°C 
was undertaken with these pickups using the 
method described above. The mean values of /3 
obtained in these experiments are listed in Table 
5 together with deviations 

(87) 

The deviations lie within the limits of estimated 
error of measurement; this means that all the 
effects that might have come into play, have been 
accounted for by the method. The results of 
measurement have enabled us to judge whether 
or not we have been justified in introducing the 
correction u dependent on time. If such a cor- 
rection factor is justified, the values of Zt 
established for c(t) from the various points of 
the oscilloscope trace, should appear as un- 
systematic deviations whereas the deviations 
of Zt determined for c = const. (e.g. u = 1) 
should be systematic. Figure 5 in which the 
results of one of the experiments are plotted, 
gives evidence that it was so. The dependence of 

i 

FIG. 5. Deviations of values of ZC. 

u(t) is mostly due to the last term on the right- 
hand side of equation (69). Neglecting this term 
would result in values /31 with the corresponding 
deviations S/3r given by equation (87). These 
values are listed in Table 5, and it is clear that 
deviations S/31 exceed both the deviations S/3 
and the estimated error of measurement X@. The 
last term on the right-hand side of equation (69) 
expresses the effect of heat flow parallel to the 
wall surface; as our exposition has indicated, 
this effect must be taken into consideration if 
we wish to enhance the accuracy of the method. 

MEASURING THE TEMPERATURE RISE OF THE 

WALL SURFACE 

Another prerequisite for the application of 
equations (10) and (29) is a measurement of the 
time variation of temperature rise of the wall 
surface that would enable us to determine the 
coefficients in relations (3) and (13) with sufficient 
accuracy. Thin-film resistance thermometers are 
conveniently used for this purpose in conjunction 
with the bridge illustrated in Fig. 6. Prior to the 
beginning of the process being studied, the 
bridge is balanced with potentiometers R4, Rg 
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iI _--f--7_ ! I I 

4 4 
FIG. 6. Bridge for measuring temperature differences. 

R1=Rz=400n;Ra=47il; 
R4 = 100 a; Rs = 10 fi, 

and connected through switch 1 to an oscillo- 
scope which displays the variation of potential 
difference AE between the nodal points in time t. 
This bridge is simpler than the one schematically 
shown in Fig. 2 because of less stringent demands 
made on its function (it is, for example, not 
necessary to compensate for the change in heat 
flow). 

An analysis of the electric conditions of the 
bridge (Fig. 6) indicates that 

E 

l2 = R -I- R, 

RiR - RzRz 

A’ = E(R + Rz) (RI + Rz) W) 

where R is the resistance of the thin-film ther- 
mometer, E the voltage of the source, and R, the 
resultant value of resistances Rs, R4, Rs. 

It holds for a bridge balanced prior to the 
measurement that 

R = Ro; 
R, RI 
-- = __ 
Ro Rz (90) 

hence equations (42), (89) and (90) give 

An advantage of this procedure lies in that the 
measurement of the temperature rise is inde- 
pendent of the basic resistance RO of the ther- 
mometer. Equation (91) enables us to determine 
the ratio of RIIRz so as to yield the maximum 
AE for the given values of a, E, T. The ratio 

$f = d/(1 + aT) 

and since aT is always small compared with 
unity, the highest sensitivity is attained with 
resistances RI and Rs approximately equal 
(Fig. 6). 

The choice of voltage E is another question. 
The higher the voltage, the more sensitive the 
bridge but the higher the temperature rise of the 
film due to Joule’s heat. Since such a temperature 
rise might constitute a source of error, there 
must exist an optimum voltage at which the 
accuracy of measurement will be highest. The 
effect of Joule’s heat can be expressed with 
sufficient accuracy as 

Roi,2 g /IFTo (93) 

where /1 is the heat-transfer coefficient and TO 
the respective temperature rise of the film. The 
latter is obtained approximately from equations 
(88) (go), (92) and (93) in the form 

E2 -. To z iRoAF. 

To compute the errors, equations (91) and (92) 
serve to express the approximate value of the 
measured temperature rise 

(95) 

The values of AE are established by evaluating 
the respective oscillograms and since there are 
no initial transient phenomena present, we may 
put 7 = 8 in equation (80). Estimating the 
absolute error brought about by Joule’s heat, 
with the aid of the relation 

%ro = #To (96) 

we may write the relative error of the measured 
temperature rise T on the basis of equations 
(80) and (94)-(96) in the form 

(&j2 + (&y (97) 

where xy is the absolute error of measurement 
of co-ordinates y on the oscilloscope trace. 

Voltage Eat which error ZT will be a minimum, 
follows from equation (97) in the form 
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To evaluate relations (97) and (98), it is first 
necessary to establish the value of R. The 
pertinent measurements were made on pickups 
designed in accordance with Fig. 4 built in the 
steel wall of a shock tube with their resistance 
film in the vertical plane. During the measure- 
ments, the air in the shock tube was kept at 
atmospheric pressure and 2O”C, and the depend- 
ence of film resistance on heating current iz 
measured. According to the results, il is virtually 
independent of 7’0 and attains a value of 
fl z 1000 W/m2 deg C. A scatter of up to _+ 20% 
exhibited by the various pickups, is due to the 
different clearances with which the pickups were 
built in the wall. The share of natural convection 
in the value of rl was indicated as about 1%; 
hence neither the position of the resistance film 
nor the pressure in the measuring space will 
exert perceptible effect on the value of LI. 

For the purpose of computation, we have 
estimated Xa = 0.01, ZmE = 0.01, ZE = 00X, 
xP = 3 x 10-4 m, $ = 0.1, taken a = 2.7 x 10-s 
l/“C, nz~ = 0.1 V/m, n = 1000 W~rnz deg 
C and assumed Ro = 65 Q in equation (97). The 
results are presented in Figs. 7 and 8. It is clear 
that a temperature rise T 3 degC > can be 
measured with a limit relative error of about 2x, 
and that larger areas of the films are more 
convenient, F 3 10 mm2 being already satis- 
factory for the purpose. 

25 1 

F mm2 

FIG. 7. Suitable energizing voltage of bridge from 
Fig. 6. 

01 / i I 
1 3 30 

” F mm2 
Ido 

FIG. 8. Error of measurement of temperature differences 
effected with thin-~irn thermometer and bridge from 

Fig. 6. 

CONCLUSION 

Taking into consideration relations (3) and 
(13), we are in a position to state that the relative 
errors of expressions in the braces of equations 
(10) and (29) are of the same order of magnitude 
as the relative errors of the measured temperature 
rise of the surface. The limit relative error of heat 
flow q determined through the use of the method 
discussed in the paper, can be expressed in the 
form 

Since the error burdening the measurement of 
time t is preponderantly given by the error of 
scale mt (it = Icm,), and the temperature rise 
usually studied in the measurement of unsteady 
heat flows, exceeds 3 degC, we can-in view of 
the preceding explanation-estimate with quali- 
fications the limit relative errors as follows: 
ZF = 0.02, Xg = 0.03, Zt = 0.02. Equation (99) 
then gives Z* = OG4. Since Hall and Hertzberg 
[l] estimate the error of measurement of unsteady 
heat flows with thin-film resistance thermometers 
as + 5 to 15 %, it can be stated that the elabora- 
tion of the method has resulted in increased 
accuracy. Moreover, equations (10) and (29) 
enable us to carry out the determination of the 
heat flow from the data of thin-film thermometers 
in a substantially simpler way in many instances. 
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R&urn&-Dans cet article, les Equations pour le calcul du flux de chaleur instationnaire a une paroi 
sont obtenues dans le cas oti la variation dans le temps de la temperature a la surface de la paroi peut 
s’exprimer par une puissance ou une serie trigonomttrique. Pour utiliser ces equations, il est d’abord 
necessaire de connaitre dune frqon sure la racine carree du produit de la conductivitb thermique, de la 
densite et de la chaleur specifique du materiau de la paroi, dksignee par g, et de mesurer la variation 
de I’augmentation de la temperature de surface avec suffisamment de prtiision. 

Les deux operations peuvent &tre accomplies en employant des thermometres a r&istance ii film 
mince consistant en une mince couche metallique d&po&e sur une paroi isolante ~l~triquement. 
L’article expose dune fwn d&ail& la methode instationnaire de ia mesure de ,13 qui facilite la deter- 
mination de cette valeur avec une erreur d’environ 3 ‘A. Une mCthode de mesure de ~au~entation de la 
temptrature de surface depassant 3 degC avec une erreur d’environ 2% est egalement d&rite. La 
methode exposee dans l’article permet de determiner le flux de chaleur instationnaire a la paroi avec 

une erreur d’a peu prts 4 %. 

Zusammenfassung-Zur Berechnung des instationiren Warmestromes an eine Wand werden Cleichun- 
gen fur die Falle agegeben in denen die zeitliche binderung der Oberfl%chentemperatur der Wand 
als Potenzreihe oder trigonome~is~he Keihe ausgedriickt werden kann. Zum Gerbrauch dieser 
Gleichungen ist es notwendig zuverllssig die Quadratwurzel aus dem Produkt von W~rmeleit~~erm~gen 
Dichte und spezifischer W&me des Wandmaterials, als 6 bezeichnet, zu bestimmen und die zeitliche 
Anderung der O~rfl~chentemperaturerh~hung gentigend genau zu messen. Beide Aufgaben kiinnen 
mit einem Dtinnfilmwiderstandsthermometer das aus einem diinnen metallischen Belag auf einer 
elektrisch isolierenden Wand besteht gel&t werden. 

Es wird eine genaue Ausarbeitung der instationaren Methode der j&Messung gegeben; sie ermoglicht 
die Bestimmung dieses Wertes mit einem Fehler von etwa 3 %. Eine Methode zur Messung der 
Temperaturerhiihung der Oberflache bei mehr als 3 grd und einem Fehler von etwa 2 % wird ebenfalls 
beschrieben.Das in der Arbeit diskutierteverfahren erlaubt die Bestimmungdes instationiren Wlrme- 

stromes an eine Wand mit einem Fehler von etwa 4 %. 

AHEOTanHSt-B CTaTbe ubrBO&RTCfi ypaBHeHHR $$JKi paCHeTa fteiYt%HHOHapHOfO T0lIJIOBOrO 
nOTOKa Ha CTeHKe Ann CJlyHaeB, KOrAa TeMnepaTypH6Ie H3MeHeHHK DO Bp0MeHH Ha nOBepXHOCTrf 
CTOHKH MOHHiO OHHCTab C nOMOmbI0 CTeneHHOI’O HJHI TpHrOHOMeTpHHt?CKOrO pa&u& ,&IH 
HCnOJIb30BaHHFl 3THX YpaBHeHHH HeO6XO~HMO YCTaHOBkiTb HaHO%HOCTb 3Ha4eHHR KBaQa- 
T~0r0 KOpHn rrpoH3se~eKHH TenJIOnpOBOHHOCTK, IIJIOTHOCTH H yRCJlbHOti TenJIOeMKOCTH 
MaTepHana CTeHKH, 060anasaeHoro Hepes p, a TaKHre c RocTaToHHot ToHnocTbr0 a3HepHTb 
M3MC2IeHHR BO BPeMeHH T0MnepaTypbI Ha nOBCpXHOCTH CTeHKH. BTOrO MOHCHO ,QOCTiI’ib, 
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MCfIOJIb3JW IfJIeHOYHbIe TePMOMeTPLd COIIpOT5iBJIeHMR, COCTOHffJkle M3 TOHKOI’O MeT3JfJlMWCKO~O 

CJIOJf, HaHeCeHHOrO Ha IIOBepXHOCTb CTI?HKM ff3 flkf3JIeKTpHK3. B CTaTbI? @TaJIbHO Il3JfZlIYS’TCR 

HeCT3~HOHilpHbIti MeTOn I13MePeHAR 8, KOTOPbIti @ET BOaMOHCHOCTb OfIpeRWfMTb 3TJ’ Bt?JIWfllHJ’ 

C TOYHOCTbfO A0 3%. OIIHC3H TaKPKe MeTOR M3MePeHIIJ-f )‘BWfINeHffff TeMfIepaTJ’pbI Ha IIO- 

BePXHOCTH, IfpeBbIfLWO~WO 3% TOZIHOCTbIO OKOJIO 2%. B3JIOFf02HHaff B CTaTbe MeTOAHKEl 

1103BOJfH~T OfIpefienllTb HWTaQEiOHapHbfti TefIZfOBOi% ffOTOK ffa CTeHKe C 0111a61ro~ OKOJfO 4x,. 


